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Nested Bethe Ansatz for RTT-Algebra )
of U, (sp(2n)) Type et

C. Burdik and O. Navratil

Abstract We study the highest weight representations of the RTT-algebras for the
R-matrix of sp, (2n) type by the nested algebraic Bethe ansatz. It is a generalization
of our study for R—matrix of sp(2r) and so(2n) type.

1 Introduction

The formulation of the quantum inverse scattering method, or algebraic Bethe ansatz,
by the Leningrad school [1] provides eigenvectors and eigenvalues of the transfer
matrix. The latter is the generating function of the conserved quantities of a large
family of quantum integrable models. The transfer matrix eigenvectors are con-
structed from the representation theory of the RTT-algebras. In order to construct
these eigenvectors, one should first prepare Bethe vectors, depending on a set of
complex variables. The first formulation of the Bethe vectors for the gl(n)—invariant
models was given by P.P. Kulish and N.Yu. Reshetikhin in [2] where the nested alge-
braic Bethe ansatz was introduced. These vectors are given by recursion on the rank
of the algebra. Our calculation is some g—generalization of the construction which
we published in recent works [3, 4, 6] for the non-deformed case of sp(2n), so(2n)
and sp(4).

Our construction of Bethe vectors used the new RTT-algebra A, which is defined
in Sect.3 and is not the RTT-subalgebra of sp, (2n).

C. Burdik ()

Faculty of Nuclear Sciences and Physical Engineering,
CTU, Trojanova 13, Prague, Czech Republic

e-mail: cestmir.burdik @fjfi.cvut.cz

O. Navratil
Faculty of Transportation Sciences, CTU, Na Florenci 25, Prague, Czech Republic
e-mail: navraond @fd.cvut.cz

© Springer Nature Singapore Pte Ltd. 2020 1
V. Dobrev (ed.), Lie Theory and Its Applications in Physics,

Springer Proceedings in Mathematics & Statistics 335,
https://doi.org/10.1007/978-981-15-7775-8_22

;-,;: 489895_1_En_22_Chapter TYPESET [_]DISK [_]LE CP Disp.:6/8/2020 Pages: xxx Layout: T1-Standard



http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-15-7775-8_22&domain=pdf
mailto:cestmir.burdik@fjfi.cvut.cz
mailto:navraond@fd.cvut.cz
https://doi.org/10.1007/978-981-15-7775-8_22

Author Proof

19

20

21

22

23

24

25

26

27

28

29

30

31

32

2 C. Burdik and O. Navratil

This algebra has two RTT-subalgebras of gl (n) type and the study of the nested
Bethe ansatz for this RTT-algebra is in progress. The simplest case for n = 2 was
really solved and we will publish in the next paper.

Our construction of Bethe vectors is in any sense a generalization of Resheti-
khin’s results [7]. Another approach to the nested Bethe ansatz for very special
representations of RTT-algebras of sp(2n) type was given by Martin and Ramas [8].

In this note, due to the lack of space, we omit the proofs of many claims. Mostly,
it is possible to prove them similarly as the corresponding claims in [6].

2 Basic Definitions and Notation

Let indices go trough the set {1, +2, ..., £n}. We will denote by Ef‘ the matrices
that have all elements equal to zero with the exception of the element on the i-th

n
row and k-th column that is equal to one. Then I = Y Ef is the unit matrix and
k=—n

EFES = §FE! is valid.
We will consider the R-matrix of U, (sp(2n)) which has the shape

1 ) ) )
R0 =——( ¥ E&F+/®YE E
o (X) N\ g ik i

+ 7' HYE ®ET 4+ g(0) Y B ®Ef —g(x )Y E; ® Ef

k<i i<k
— (g™ Y e EL ® E:f( +g0 g N YN e EL ® E:Z)
k<i i<k
where ¢; = sign(i) and

-1,,-1 -1 -1

Xq—x"q x(g—q) q—q

fo =" g = e =14
X —x X —x X —x

This R—matrix satisfies the Yang-Baxter equation

Ri ()R 3(xy)R23(y) = Rz ()R 3(xy)Ry2(x)

and is invertible.
The RTT-algebra of U, (sp(2n)) type is an associative algebra .4 with unit, which
is generated by Tki (x), for which the monodromy operator

Ty = 3 B @T ()

i,k=—n

fulfills the RTT-equation
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Nested Bethe Ansatz for RTT-Algebra of U, (sp(2n)) Type 3

Ri>(xy HT1(0)T2(y) = Ta()Ti ()R 2 (xy ™).

From the invertibility of the R—matrix we have that the operator

H(x) = Tr(T(x)) = Z T/ (x)

fulfills the equation H(x)H (y) = H(y)H (x) for any x and y.

We suppose that in the representation space WV of the RTT-algebra A there exists
a vacuum vector w € W, for which W = Aw and

Ti(x)wo=0 pro i <k, T/(X)o=xrxw pro i==%l,+2, ..., +n.

In the vector space W = Aw, we will look for eigenvectors of H (x).

3 RTT-Algebra A,

In the RTT-algebra A, we have the RTT-subalgebras A" and A~ that are generated
by the elements Tki (x) and T:ki (x), where i, k =1, 2, ..., n. First, we will study
the subspace

W= APATDpc W= Aw.

Lemmal. Foranyi, k=1,2, ..., nand any 2 € W, Tk_i(x)Q = 0 is valid.

Lemma 2. If we denote

TP = Y E T (), TOW = Y EXQT (),
i,k=1 ik=1

then on the space W, for any €, €, = &

Ry TV OIS 0) = T T @RG (y ™) (1)
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4 C. Burdik and O. Navratil

) where |
o
D;: R(+ +)( ) ( Z Ez ®Ek + f(x)ZEl ®E1
5 SO0 N\ =T ik
e +g(x) Y EQE —gxh ¥ E;®Ef)
< I<k<i<n l<i<k<n
_ 1
RS (x) = ( S E ®E_k+f(x)ZE_l QE
' F OO Nik=t ik
+g(x) ¥ EL®Ef—gx™) Y E®EC )
1<i<k<n 1<k<i<n

n X n . A
RE70= Y E®Et+ (0 '9YE QE

ik=1; ik ' i=1 o A
—gtxg™) ¥ ¢E®EL +g(x7'g) Y ¢ E;®E]
I<k<i<n I<i<k=n
RGP0 = Y EXQEL+ f(x !¢ )Y EL QE!
ik=1; ik . ' i=1 ' . '
—g(xq"™™) Y ¢T'EL @K +g(x'g) Y. ¢FED ®E]
1<i<k<n 1<k<i<n

39 1S valid.

4 Proposition 1. If we define

" R0 =RV +RE 0+ RGP0 + RS ()
42 ’i‘(x) — T(+)(x) + T(*)(x) ’

the RTT-equation
R 2y HTi()T2(0) = T2 T ()R 2(xy ™)

43 is valid on the space Wj.
Also, the R—matrix R(x) fulfills the Yang—Baxter equation

Ri2(0)R; 5(xy)R23(») = Raz(0)R15(xy)R; 2(x)
and has the inverse matrix

Ri2(0) " = REY@) "+ RE@) 7 + RGP W)+ RG@0)
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Nested Bethe Ansatz for RTT-Algebra of U, (sp(2n)) Type 5

where
1
R57@0)" = (Y EeE+ /)L
f(x ) Nik=1 ik
—g) ¥ E[@E +g) Y E QE)
I<k<i<n ) I<i<k<n
RS (x) EQE 4+ fx")YEQE™
Ry ) f(x 1)<1k;19£k ¢ Z l
—g(x) ¥ EL®EF+gxh) X E_k®E*’<)
1<i<k<n 1<k<i<n
RE70) = Y E®Ef+ fxg 1)ZE’ E|
ik=1; ik
+gxg™ ™ Y ¢*E,®E} g(X‘lq”“) > ¢'ELQET:
1§k<t<n 1<i<k<n
RGP@) = % E-’®Ek+f<xq>2E—l®El
i k=1;izkk . o _
+8(xq) Y. ¢"'E5, QE, —gx'q” l) > ¢“EI QE;
1<i<k<n 1<k<i<n

” The validity of the RTT-equation is Lemma 2. The Yang—Baxter equation that is
45 equivalent to the equations

5 RIYY ORI a)RGY (1) = REGVORTVanRTY ) ()

and the conditions for the inverse R—matrix, i.e. the relations

RS ORGY@) " =1, ®L,, where I, =Y E/, I ZE_l i
i=1

47 can be shown by direct calculation.

4 Definition. We denote the RTT-algebra defined by the R—matrix ﬁ(x) as fIn.

We find out by the standard procedure from the RTT-equation (1) that in the
RTT-algebra .4, mutually commutate not only the operators H (x) and H (y), where

A1) = Tree 5 (TW) = Tee (T90) + Te (T ) = Y(F ) + 75 (0)

i=1
but also all operators H® (x) a H®) (y), where
HD @) = Try (TP ) = YT (v,
i=1

A9 () =Tr (TOWm) = YTF (0.
i=I
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6 C. Burdik and O. Navratil

4 General Shape of Eigenvectors

Letu = (uy, us, ..., uy) be an ordered set of mutually different complex numbers.
We will look for eigenvectors in the form

Tw= ¥ O WOTE ) o T () Dy
where 055‘]1’;]2‘?"";‘_';"4 € Wy. Let us denote

Bu)= Y ¢ ®f T ,(u) eV, @V @ A
i,k=1

where e; is the basis of the space V; and f* is the basis of the space V* and define

B M(ll) Bi(u) @By(u2) ® ... @ By (upy)

— Z e ®..0,f ... @F MQT (u)...TY (uy)

ll ..... M

If £" is the dual basis with respect to €; in the space V7 and e_; is the dual basis with
respect to f % in the space V_ and we denote

..... ™

¢ = Z Me...f ®e_‘yl®...®e_sM®¢€"""SM

5 Commutation Relations T(()i) (x)Bq,....m(0)
On the space V) ® Vf‘+ RV ® A we define

T3 G w) = (REED 0w ) T TSP 0RS, ™ (e

T3 s w) = (RGP Gu ™)) TS 0ORS ™ e ™)
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Nested Bethe Ansatz for RTT-Algebra of U, (sp(2n)) Type 7

where

1 n . no . .
RP@) " = ———( ¥ E®FSL+/HYEeF L
f(x fh i k=1 ik i=1

+g0) Y EleFel —gn Y EeFel)

1<1<k<n l<k<z<n
RGP@) = Y EI®F®L 4+ /() EloF L
i,k=1;i#k i=1
+gxq) Y ¢"ELQF QL
I<i<k<n ) )
—g(x7lg™h Y ¢HMEGQF. L
1<k<z<n
R (0 = S E®I@E! +f(x"q)ZE’ ®I: ®E”!
i,k=1;i#k i=
+e(x7'g) Y. ¢“E @1 QK
1<i<k<n )
—gxg™) ¥ ¢“E @I ®E]
1<k<i<n
R (x) = ( > E*’®I*®Ek+f(x)ZE @I E}
SO Nik=r ik
+gx) Y ELQEQEf—gx) ¥ E_k®Ii®E_i)
1<i<k<n 1<k<i<n

Lemma 3. In the RTT-algebra of U, (sp(2n)) type the relations

Té“(x)(B, ), @ e_s> 4 f(x—1u)<1>.1 W, T w(Ief ® e_s)>
+ glxu~ )(Bl(x) T4 (w; u) (I ®f’®e,s)>
T 0B, F @e) = fu ) {Biw, T (1o f @)

= g (B, T (1o f @e.))

are valid.
For ordered M—tuples u = (uy, ..., uy), let u denote the setu = {uy, ..., up}.

We define

U = (U, .oy U1, Upg s - - - UM)

wp =u \{upy = {ur, ... up—1; W1, ..., UM},

——1 ® -1 -1 = Y -1
FOsu) = [ fu ), F=hu)y =[O ug) .
k=1 k=1
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8 C. Burdik and O. Navratil

and introduce operators

-1 R+ —1y)~lp(+
...(R((),M*)(xuM) Té)(x)

RS Ceuy) o RGE Gey )
To) wrw = RE Guh) ™ (R )™ 167 (0

Ry () Ry G
Bii..xu(su) =Bi(x) @ Bi(u) @ ... @ Broi(ur—1)

Q@ Bit1(up+1) @ ... @ By (unr)

G S 1
T(();l),...,M(X; u = (R((),l* )(xul ))

Proposition 2. The following relationships are applied:

.....

+ 3 g VF i s (B, (5w,

Ug €U

~ —la(— — ~
(R ) " RE D@y s w @)

..........

= X g eV F g ) (B ),

ur€u
(4,4 1 —— ~_ .
(R ) ROy s w @)
where
B+ .+ -1 B+ —IND A+ -1
Rg* )k*(u)zR( ) (Ug—1uy )...Rg*,k*)(uguk )Rf*,k*)(uluk )

..... (k=1)* k*

.....

R =——( % Fl®Ff + /()L oF,

SO Nik=Ts ik
—gt™) Y FeF+gw Y FoF)

1<i<k<n 1<k<i<n

6 Bethe Conditions and Eigenvectors of the Operator H (x)

Let us denote by /fk’ (x;u) and /T\:k’ (x; u) the operators defined by the relations
HH) ) — S Rk e
Ty, ww= > E ®@T/(x;u),
ik=1

.....

i,k=1
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Nested Bethe Ansatz for RTT-Algebra of U, (sp(2n)) Type

The following statement, which gives part of the Bethe conditions, follows from the

previous part.

Theorem 1. Let ® be common eigenvector of the operators

7+ e
Hl(,..?,M(x;u)ZTI'() TE);]) ..... Lw),

H yeu) = Tro (TG, (0w

with eigenvalues E E‘H »(x;w) and E ﬁ_)

e, M N TSR L,
..........

.....

.....

..........

Theorem 2. The operators Téil) 1 (x; ) fulfill the RTT-equation

Riy ey OTg s wTy 0w
= To.a TG G wREG (y ™)
for any u and €, €’ = +£. Thus, they generate RTT-algebra A,.

Theorem 3. The vector

O=-f1'R.. . °fQe | ®...0¢ | Quw
— —— —

M x M x
is a vacuum vector for representation of the RTT-algebra A, with the weights

i u) = A F(x~'g;m),

por(riw) = Ao (0O F (xg: ),

wi(x;u) = Ak(x)F(xq_l; Yy, k=2, ....n,
U_p(x;a) = )L_k(x)F(x’lq’l;ﬁ) ,k=2,...,n.
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10 C. Burdik and O. Navratil

So to find eigenvectors of the operators H (x) for the RTT-algebra of U, (sp(2n))
type, it is enough to formulate the Bethe ansatz for the RTT-algebra A,

Acknowledgements The authors acknowledge financial support by the Ministry of Education,
Youth and Sports of the Czech Republic, project no. CZ.02.1.01/0.0/0.0/16_019/0000778.
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